Let Λ be a finite dimensional Auslander algebra. For a Λ-module M , we prove that the projective dimension of M is at most one if and only if the projective dimension of its socle soc M is at most one. As an application, we give a new characterization of Auslander algebra Λ, and prove that a finite dimensional algebra Λ is an Auslander algebra provided its global dimension gl.d Λ ≤ 2 and an injective Λ-module is projective if and only if the projective dimension of its socle is at most one.
Theorem A. Let Λ be a finite dimensional Auslander algebra and I be an indecomposable injective Λ-module. Then I is projective if and only if the projective dimension of its socle is at most one, that is, C(Λ)= {I ∈ mod-Λ | I is injective and pd Λ soc I ≤ 1}. Now we show the relations between the projective dimensions of Λ-modules and their socles. Let P 1 (Λ) be the full subcategory of mod-Λ whose objects are all the Λ-modules M with pd Λ M ≤ 1, we give the second result of this paper.
Theorem B. Let Λ be a finite dimensional Auslander algebra and M be a Λ-module.
Then the projective dimension of M is at most one if and only if the projective dimension of its socle soc M is at most one, that is, P 1 (Λ) = {M ∈ mod-Λ | pd Λ soc M ≤ 1}.
Theorem B also implies that pd Λ M = 2 if and only if pd Λ soc M = 2. Before we complete this paper, Eiríksson gives a characterization of P 1 (Λ) in [7] , which states that P 1 (Λ) consists of all Λ-modules cogenerated by projective Λ-modules. We investigate P 1 (Λ) from a different point of view and stress that the projective dimension of a Λ-module M is completely determined by the projective dimension of its socle.
The above two theorems state the properties of Auslander algebras, then it is natural to ask whether Auslander algebras can be characterized by these properties, that is, whether a finite dimensional algebra of global dimension at most two is an Auslander algebra provided it satisfies the properties in Theorem A or Theorem B. We give a positive answer to this question as following.
Theorem C. Let Λ be a finite dimensional algebra. Then Λ is an Auslander algebra if and only if its global dimension gl.d Λ ≤ 2 and C(Λ) = {I ∈ mod-Λ | I is injective and pd Λ soc I ≤ 1}.
We also provide an example to show that a finite dimensional algebra Λ with gl.d Λ ≤ 2 and P 1 (Λ) = {M ∈ mod-Λ | pd Λ soc M ≤ 1} is not necessarily an Auslander algebra. This paper is arranged as follows. In section 2, we fix the notions and recall some necessary facts needed for our research. In section 3, we prove Theorem A and B. Section Throughout this paper, let k be an algebraically closed field and we consider basic finite dimensional k-algebras. For a finite dimensional k-algebra A, we denote by mod-A the category of finitely generated right A-modules and by gl. Let R be a finite dimensional k-algebra of finite representation type and M 1 , M 2 , . . . , M n be a complete set of representatives of the isomorphism classes of indecomposable R-
is the additive generator of R and Λ=End R M is the corresponding Auslander algebra. For a R-module X, we denote by P X =Hom R (M, X) the corresponding projective Λ-module. Now we recall some basic properties of Auslander algebras.
(2) pd Λ S i = 2 if and only if M i is non-projective. Then the almost split sequence
The above proposition shows the relationship between almost split sequences in mod-R and projective resolutions of simple Λ-modules. If j = 0, we get Hom Λ (S i , Λ)=0 and this implies that the socle of Λ is the direct sum of simple Λ-modules whose projective dimensions are at most one. Now we give a general result about algebras of global dimension two.
Lemma 2.3. Let A be a finite dimensional k-algebra with gl.d A = 2. Then we have
Proof. Obviously we can get a short exact sequence 0 →soc A → A → A/socA → 0. If A/socA is a projective A-module, then this sequence splits and soc A is also projective.
Otherwise pd A soc A=pd A (A/socA) − 1 ≤ 1 since A is projective and gl.d A = 2.
We also need the following lemma in this paper.
Lemma 2.4. [1,VI, Lemma 5.5] Let A be a finite dimensional k-algebra and gl.d A = n.
Then we have Id
The following proposition shows the relations between the projective dimensions of the three modules in a short exact sequence, which is very useful. Throughout this paper, we follow the standard terminologies and notations used in the representation theory of algebras, see [1, 8] .
3 Projective dimensions of modules over Auslander algebras Let Λ be a finite dimensional Auslander k-algebra. In this section, we investigate the Λ-modules with projective dimension at most one and show that they are determined by the projective dimension of their socles.
By Lemma 2.3, we know that the socle of Λ is the direct sum of simple Λ-modules with projective dimension at most one. Furthermore, we prove that all simple Λ-modules with projective dimension at most one are contained in the socle of Λ. 
Note that Λ=End R M and Hom R (M, −) induces an equivalence between add M and add Λ, then we get the following exact sequence
Let ϕ be the epimorphism from M i to top M i and we decompose M = top
Obviously g * ((ϕ, 0) t ) = g * (0) = 0 and g * is not injective.
This implies that Hom
It is known that the socle of a Λ-module M coincides with the socle of its injective envelope I(M ), so we investigate the relationship between injective Λ-modules and their socles at first. 
Characterizations of Auslander algebras
Auslander algebras are characterized by the properties that global dimension is at most two and dominant dimension is at least two. In [5] , Crawley-Boevey and Sauter
give a new characterization of the Auslander algebra Λ, that is gl.d Λ ≤ 2 and there exists a tilting Λ-module which is generated and cogenerated by projective-injective Λ-modules.
In this section, we also give a new characterization of Auslander algebras.
Theorem 3.2 and Theorem 3.3 state two properties of the Auslander algebra Λ, that is C(Λ)= {I ∈ mod-Λ | I is injective and pd Λ soc I ≤ 1} and
Then it is natural to consider whether a finite dimensional algebra of global dimension at most two is an Auslander algebra provided it satisfies these properties.
We prove the following result. 
Since g is injective, by Snake lemma, h is also an injection. Note that pd Λ soc Im f = 2 = 1+pd Λ Λ, by Proposition 2.5, we have that pd Λ E = max(pd Λ Λ,pd Λ soc Im f ) = 2.
Consider the short exact sequence 0 → E → I 0 → Y → 0. Since I 0 is projective, we have pd Λ Y =pd Λ E + 1 = 3, a contradiction.
Thus pd Λ soc Im f ≤ 1 and I 1 is projective since I 1 is the injective envelope of Im f and soc I 1 =soc Im f . Then the dominant dimension of Λ is at most two and this completes our proof.
We should mention that a finite dimensional k-algebra Λ with gl.d Λ ≤ 2 and P 1 (Λ) = {M ∈ mod-Λ | pd Λ soc M ≤ 1} is not necessarily an Auslander algebra. The following is a counter-example.
Example. Let Λ = kQ/ βα be a finite dimensional k-algebra where Q is the quiver is easy to know P 1 (Λ) = {M ∈ mod-Λ | pd Λ soc M ≤ 1}. However, the indecomposable injective Λ-module S 4 is not projective and Λ is not an Auslander algebra since its dominant dimension is zero.
